For any two positive integers nXrX1; the well-known Tura´n Theorem states that there exists a least positive integer exðn; K r Þ such that every graph with n vertices and exðn; K r Þ þ 1 edges contains a subgraph isomorphic to K r : We determine the minimum number of edges sufficient for the existence of k cliques with r vertices each intersecting in exactly one common vertex. r
Introduction
With integers nXrX1; we let T n;r denote the Turán graph, i.e., the complete r-partite graph on n vertices where each partite set has either In=rm or Jn=rn vertices and the edge set consists of all pairs joining distinct parts. The number of edges in T n;r is denoted by exðn; K rþ1 Þ; where K r represents the complete graph on r vertices.
For a graph G and a vertex xAV ðGÞ; the neighborhood of x in G is denoted by N G ðxÞ ¼ fyAV ðGÞ : xyAEðGÞg; or when clear, simply NðxÞ; and let N G ðxÞ ¼ V ðGÞ À N G ðxÞ: The degree of x in G; denoted by d G ðxÞ; or dðxÞ; is the size of N G ðxÞ: We use dðGÞ and DðGÞ to denote the minimum and maximum degrees, respectively, in G: The order of G is often denoted by jGj ¼ jV ðGÞj: For a subset X CV ðGÞ; let G½X denote the subgraph of G induced by X : A matching in G is a set of edges from EðGÞ; no two of which share a common vertex, and the matching number of G; denoted by nðGÞ; is the maximum number of edges in a matching in G:
Suppose that we are given some fixed graph H: What is the maximum number, exðn; HÞ; of edges in a graph G on n vertices that does not contain a copy of H as a subgraph (often said to forbid H)? A graph G on n vertices with exðn; HÞ edges and without a copy of H is called an extremal graph for H: For nXjV ðHÞj; adding one more edge to any one of the extremal graphs will produce a copy of H:
A graph on 2k þ 1 vertices consisting of k triangles which intersect in exactly one common vertex is called a k-fan and denoted by F k : For each k; the chromatic number of F k is three, and so by the Erd + os-Stone theorem [4] , exðn;
The following result is due to Erd + os et al. [3] .
Theorem 1. For every kX1; and for every nX50k 2 ; if a graph G on n vertices has more than
( edges, then G contains a copy of a k-fan. Further, the number of edges is best possible.
A graph on ðr À 1Þk þ 1 vertices consisting of k cliques each with r vertices, which intersect in exactly one common vertex, is called a ðk; rÞ-fan and denoted by F k;r : The purpose of this article is to generalize Theorem 1, when k and r are fixed and n is large, as follows.
Theorem 2. For every kX1 and rX2; and for every nX16k 3 r 8 ; if a graph G on n vertices has more than
( edges, then G contains a copy of a ðk; rÞ-fan. Further, the number of edges is best possible.
ARTICLE IN PRESS
Note that the number exðn; K r Þ ¼ jEðT n;rÀ1 Þj: To show the lower bound for exðn; F k;r Þ we present the following graph, G n;k;r : For odd k (where nXð2k À 1Þðr À 1Þ þ 1ÞG n;k;r is constructed by taking a Turan graph T n;rÀ1 and embedding two vertex disjoint copies of K k in one partite set. For even k (where now nXð2k À 2Þðr À 1Þ þ 1ÞG n;k;r is constructed by taking a Tura´n graph T n;rÀ1 and embedding a graph with 2k À 1 vertices, k 2 À ð3=2Þk edges with maximum degree k À 1 in one partite set.
Lemmas
In this section, we give preparatory lemmas for the proof of the main theorem. Define f ðn; DÞ ¼ maxfjEðGÞj : nðGÞpn; DðGÞpDg: Chva´tal and Hanson [2] proved the following theorem.
Theorem 3. For every nX1 and DX1;
We will frequently use the following special case proved by Abbott et al. [1] :
The extremal graphs are exactly those we embedded into T n;rÀ1 in the previous section to obtain the extremal F k;r -free graph G n;k;r : Let a be a positive integer and let X and Y be two disjoint vertex sets of V ðGÞ: We say that X dominates Y with a-deficiency if d Y ðxÞXjY j À a for each xAX : Let V 1 ; V 2 ; y; V m be disjoint subsets of V ðGÞ: We say that fV 1 ; V 2 ; y; V m g is adeficiency complete if V i dominates V j with deficiency a for every pair iaj with i; j ¼ 1; 2; y; m:
The following lemma will be used very heavily in our proof of the main theorem.
Lemma 2.1. Let a be a positive integer. Let G be a graph and let fX 1 ; X 2 ; y; X m g be an a-deficiency complete partition of V ðGÞ with jX i jXma þ 2t for each i: Suppose that C 1 ; C 2 ; y; C t are t cliques of G with the properties:
(1) jC i -X j jp2 for each pair i and j; (2) jC i -X j j ¼ 2 for at most one j for each i:
Then, there exist t cliques D 1 ; D 2 ; y; D t satisfying:
for each i we have that jD i -X j j ¼ 1 for all j except possibly one at which
Proof. We need to show that, if C i -X j ¼ |; there exists a vertex v j AX j À S t c¼1 C c such that v j is adjacent to all vertices in C i : Iteration of this argument will then provide the statement. Without loss of generality, we may assume that i ¼ j ¼ 1:
By our assumptions, we have that jð S t i¼2 C i Þ-X 1 jp2ðt À 1Þ; thus T Proof. Let y 1;1 ; y 1;2 ; y; y 1;k be k arbitrary vertices in Y 1 : Since jNðy 1;i Þ-Y 2 jXjY 2 j À aXk; there are k vertices y 2;1 ; y 2;2 ; y; y 2;k in Y 2 such that y 1;i y 2;i AE for all i ¼ 1; y; k: Since jNðy 1;i Þ-Nðy 2 ; iÞ-Y 3 jXjY 3 j À 2aXk; there are k vertices y 3;1 ; y 3;2 ; y; y 3;k in Y 3 such that y 3;i ANðy 1;i Þ-Nðy 2;i Þ for all i ¼ 1; 2; y; k: Continuing in the same fashion, we see that Lemma 2.2 follows. & The case k ¼ 1 of the main theorem is Turan's theorem, the case of r ¼ 2 is trivial, and the case of r ¼ 3 is Theorem 1. We assume that kX2 and rX4: The aim of this section is to prove the following lemma. Lemma 2.3. Let G be an extremal graph for F k;r on n vertices with nX4k 2 r 4 ; and with minimum degree dXð ,V 1 ' ,? ' ,V rÀ2 ; so that V i a| for all i ¼ 0; y; r À 2 and for every xAV i ; the following hold: X jai nðG½V j Þpk À 1 and DðG½V i Þpk À 1; ð1Þ
Proof. Since G plus any edge contains a copy of F k;r ; G contains k edge disjoint cliques D 1 ; D 2 ; y; D k sharing one vertex v 0 with jD 1 j ¼ r À 1 and jD j j ¼ r for all jX2: Let V ðD 1 Þ ¼ fv 0 ; v 1 ; y; v rÀ2 g: Denote the graph induced by S k i¼1 D i by D: Clearly, jDj ¼ kðr À 1Þ: For each i ¼ 0; y; r À 2; we define X i ¼ T jai Nðv j Þ À V ðDÞ: Since G does not contain F k;r as a subgraph,
Since the minimum degree dðGÞX rÀ2 rÀ1 n À k;
Thus,
For each iX1; if there is an edge uvAEðG½X i Þ; replacing v i by the edge uv in D we obtain a copy of F k;r ; a contradiction. Thus,
For every x i AX i and ia0; since dðx i ÞX rÀ2 rÀ1 n À k; d X i ðx i Þ ¼ 0; and jX i jX n rÀ1 Àkð2r À 3Þ; then
for each xAX i where i ¼ 1; 2; y; r À 2: In particular, we have that
for each xAX i ; i.e., X i dominates X j with 2kðr À 1Þ-deficiency, where i ¼ 1; 2; y; r À 2; j ¼ 0; 1; y; r À 2 and jai:
Claim 4. Let x 1 ; x 2 ; y; x rÀ2 be r À 2 vertices such that x i AX i for each i ¼ 1; y; r À 2: Then, for any Y 0 DX 0 with jY 0 jX2kðr À 1Þ 2 X2kðr À 1Þðr À 2Þ þ k; we have the following inequality: 
There is an x 0 AX Ã 0 such that jNðx 0 Þ-X i jXjX i j=ð2kðr À 1Þ þ 1Þ for each i ¼ 1; 2; y; r À 2: Recall that by (3) we have jX i jXn=ðr À 1Þ À kð2r À 3Þ for each i ¼ 1; y; r À 2: Since nX4k 2 r 4 ; the following inequality holds:
; and a ¼ 2kðr À 1Þ; we obtain k vertex disjoint cliques C 1 ; C 2 ; y; C k of sizes r À 1 in Nðx 0 Þ: Then, a copy of F k;r is found, a contradiction. &
By Claim 5 and (3), we have that
Further, the following inequality holds. 
In particular, for each z 0 AZ 0 ; we have that for i40
That is, Z 0 dominates Z i with 4krðr À 1Þ deficiency.
Claim 6. For every vAV À S rÀ2 i¼0 Z i ; there exists a j ¼ jðvÞ such that d Z j ðvÞo 2kðr À 1Þ 2 þ ko2krðr À 1Þ: Further, such a jðvÞ is unique.
Proof. Suppose, to the contrary, there is a vAV À S rÀ2 i¼0 Z i such that d Z j ðvÞX 2kðr À 1Þ 2 þ k for every j ¼ 0; 1; y; r À 2: Set a ¼ 2kðr À 1Þ and m ¼ r À 1; then for all 0pjpr À 2;
Applying Lemma 2.2, we see that there are k vertex disjoint cliques of order r À 1 whose vertex sets are in NðvÞ; a contradiction.
To show the uniqueness of jðvÞ; suppose there are two distinct j 1 and j 2 such that d Z j i ðvÞo2kðr À 1Þ 2 þ k for both i ¼ 1 and 2. Since nX4k 2 r 4 X4kr 2 ðr À 1Þ 2 ; we have
Clearly, for each i ¼ 0; y; r À 2;
For each i and each v i AV i ; since
we have that
In particular, we have that
We will show that V 0 ; V 1 ; y; V rÀ2 satisfy (1) and (2). Let a ¼ 8kr 2 : Since nX4k 2 r 4 X8kr 4 ; for any j; we have that
Proof of (1). Suppose for some yAV i ; jNðyÞ-V i jXk; say the neighbors are y 1 ; y 2 ; y; y k in V i : By Lemma 2.1, there are k cliques D 1 ; D 2 ; y; D k such that y; y j AD j and jD j j ¼ r for each j: Further, D j -D c ¼ fyg for all jac: Thus, a copy of F k;r is found, a contradiction. Next suppose that P jai nðV j ÞXk: Let y 1 z 1 ; y 2 z 2 ; y; y k z k be a k-matching with the property that y j and z j are in the same V c for some cai: Now, since nX4k 2 r 4 X16k 2 r 3 ;
Therefore, there exists a vertex yAV i ; such that S k j¼1 fy j ; z j gDNðyÞ: By Lemma 2.1, there are k cliques D 1 ; D 2 ; y; D k such that y; y j ; z j AD j and jD j j ¼ r for each j: Further, D j -D c ¼ fyg for all jac: Thus, a copy of F k;r is found, a contradiction. & Proof of (2) . Let vAV i have neighbors x 1 ; x 2 ; y; x s in V i and neighbors y 1 ; z 1 ; y 2 ; z 2 ; y; y t ; and z t in V À V i where, for each j ¼ 1; y; t; y j and z j in the same V c for some cai and y j z j AEðGÞ: By (1), both s and t are less than k: Suppose for the moment that s þ tXk: Consider k of the cliques fv; x 1 g; y; fv; x s g; fv; y 1 ; z 1 g; y; fv; y t ; z t g: Applying Lemma 2.1 again, we obtain k cliques D 1 ; D 2 ; y; D k which induce a copy of F k;r ; a contradiction, which completes the proof of Lemma 2.3. &
Proof of the main lemma
The following lemma was obtained in [3] . 
Let G be a graph with a partition of the vertices into r À 1 non-empty parts Lemma 3.2. Suppose G is partitioned as above so that (1) and (2) are satisfied. If G is F k;r -free, then
Proof. Observe that G cr is an ðr À 1Þ-partite graph, and P 0piojprÀ2 jV i jjV j j À jEðG cr Þj is the number of edges missing from the complete ðr À 1Þ-partite graph. By (1) and the definition of f ; we see that jEðG i Þjpf ðk À 1; k À 1Þ; so the left-hand side of (8) is bounded above by ðr À 1Þf ðk À 1; k À 1Þ: Delete vertices of G so that the left-hand side of (8) is maximal, let G be minimal in this case.
We now claim that for each i ¼ 0; y; r À 2 and every xAV i ;
In fact, if for some xAV i ; d i ðxÞ À ðjV À V i j À d cr ðxÞÞp0 holds, then
contradicting the minimality of G: Hence (9) holds. We also claim that for each i ¼ 0; y; r À 2;
To see (10), we need only observe that,
where the last inequality holds since any matching in G j has at most jV j j À d j ðxÞ edges with one or both endpoints outside NðxÞ-V j : This proves (10). We can also assume that for each i ¼ 0; y; r À 2;
by the following arguments. If P jai n j ¼ 0; then G j is empty for every jai; and in this case by (1),
thus (8) holds trivially, verifying the lemma. If P jai n j ¼ k À 1; then by (9) and (10), we would have
We may further suppose that
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To the contrary, without loss of generality, assume that n 0 p1; then (11) implies that P rÀ2 i¼0 n i pk À 1: As X rÀ2 i¼0 f ðn i ; DÞpf X rÀ2 i¼0 n i ; D ! always holds, we get that P rÀ2 i¼0 jEðG i Þjpf ðk À 1; k À 1Þ and (8) follows. Now apply Lemma 3.1 for the graph G i ði ¼ 0; y; r À 1Þ with D ¼ k À 1 and b ¼ k À 1 À P jai n j pD À 2 (by (12)). Using (10) and (7) we get 
The left side in (13) equals 2jEðG i Þj þ X jai jEðV i ; V j Þj À X jai jV i jjV j j; so adding these r À 1 sums (for i ¼ 0; y; r À 2) gives
This yields jEðGÞjpk 2 À 2k þ P ioj jV i jjV j j (by (11), k À 1 À n 0 X1 and k À 1 À P ia0 n i X1), and since f ðk À 1; k À 1Þ4k 2 À 2k; this implies (8), finishing the proof of Lemma 3.2. &
Remark
To avoid tedious calculations, we did not attempt to lower the bound nX16k 3 r 8 in the proof, although we strongly believe the bound can be lowered substantially.
